The problem of colourlng the real llne so that the d~stance between l~k e coloured numbers does not Ile In some specified set D, called the dzstance set, IS discussed In particular, the m~n~m u m number of colours needed for varlous dlstance sets are determined (0 1985 Academ~c Press Inc What is the least number of colours which can be used to colour all points of the euclidean plane so that no two points which are unit distance apart have the same colour? Though rather well known, this problem has resisted all attempts at solution. The necessity of four colours was established by Moser and Moser [2] , and the sufficiency of seven colours by Hadwiger, Debrunner, and Klee [I]. Essentially no further progress has been made on the problem.
8 7 adjacent vertices have the same colour. The chromatic number of the graph is the least number of colour classes which admits a proper colouring of the graph.
Given any set D of positive real numbers, let G ( R , D ) denote the graph whose vertices are all the points of the real line R', such that any two points x, y are adjacent if and only if Ix -yl E D . The set D will be called the distance set of the graph. We shall treat the problem of determining the chromatic number of G ( R , D ) for various classes of distance set D.
The first case to be considered is when the distance set D is a closed interval [ l , 61 for some 6 2 1. For convenience, in this case we shall use
R ( 6 ) to denote the graph G ( R , D ) , and ~( 6 )
to denote its chromatic number. LEMMA 1. If 1 < 6 < n then ~ ( 6 ) 6 n + 1 , for any positive integer n.
Proof. Let all points of the real line be assigned to colour classes numbered 0, 1, ..., n such that x has colour i exactly when L x ] -i (mod n + I ) ,
where Lx] denotes the greatest integer not exceeding x. (Fig. 1 ). This is a
proper colouring of R(6) if 1 < 6 < n, whence ~( 6 ) 6 n + 1. I THEOREM 1. If 6 > 1 and n -1 < 6 6 n then ~( 6 ) = n + 1, for any positive integer n.
Proof The definition of ~( 6 )
requires that 6 3 1; the case n = 1 corresponds to 6 = 1. Obviously R ( 1 ) needs at least two colours for a proper colouring, and Lemma 1 shows that it can be properly coloured with two colours, so ~( 1 ) = 2. Now suppose n 3 2 and n -1 < 6 6 n, and consider a proper colouring of R(6). For any E > O we can choose vertices x, y which are coloured differently and satisfy 0 < y -x < E. In particular, choose E < 1 + 6 -n. Define 
FIG. I .
A proper colouring of R(6), for 1 < 6 < n. -u , , -x < v, -, -y + E < 6. Thus, apart from x and y, the distance between any two points in (x, y, v,, u,, ..., 0,-,) is at least 1 but less than 6, so all such pairs are adjacent in R(6). Hence x, y, v,, v, ,..., v,-, must all have different colours in the chosen proper colouring of R(6), and so ~( 6 ) 3 n + 1.
Equality then follows from Lemma 1. 1
What subgraphs of R ( 6 ) are "responsible" for its chromatic number? We define a chromatic subgraph of a graph G to be a minimal subgraph of G with the same chromatic number as G. A graph G is colour-critical if its only chromatic subgraph is G itself. The next three theorems are concerned with chromatic subgraphs of R(6). We begin by investigating when a complete graph is a chromatic subgraph of R(6). Next we investigate when an odd cycle is a chromatic subgraph of R(6).
THEOREM 3. The smallest odd cycle in R ( 6 ) is C , if 6 3 2, and C,,, , i f l + l / n < 6 < 1 + l / ( n -1 ) , for any integern32.
Proof. Theorem 2 implies that C , (which is K,) is a subgraph of R ( 6 ) exactly when 6 3 2. =0 , the sum of the signed distances corresponding to the edges of this cycle is zero. Since the cycle can be reflected about any point, we can assume without loss of generality that at least n + 1 of the signed distances corresponding to the edges are positive. Thus, the sum of these positive distances is at least n + 1, while the sum of the negative distances is at most n6 in absolute value. Hence n + 1 GnS, so R ( 6 ) can only contain an odd cycle C,,,, if
COLOURING THE REAL LINE
Now for an integer n 3 2, define vertices ui, wi of R ( 6 ) by The condition for u, and u,-, to be adjacent is that is.
With appropriate attention to the endpoints of this range, the rest of the theorem now follows. 1
COROLLARY.
For any positive integer n, the odd cycle C,,+, is the smallest order chromatic subgraph of R ( 6 ) exactly when
We now specify a class of graphs which will be shown to include a chromatic subgraph of R ( 6 ) for each 6 in the interval n -1 < 6 d n. For any positive integers m, n let G(m, n ) be the graph comprising m + 1 distinct vertices u,, u ,,..., u, and m disjoint subgraphs H I , H , ,..., H,, each of which is a copy of the complete graph K,, such that u, is adjacent to u, and each vertex of H, is adjacent to u,-, and u,, for 1 < i < rn (Fig. 2) . Note that vertices of HI have colours 1, 2, ..., n. Since u, is adjacent to all the vertices of HI it follows that u, has colour 0. Iterating this argument shows that urn has colour 0. But this is impossible, since urn is adjacent to u,. Hence any proper colouring of G(m, n) requires at least n + 2 colours. Clearly n + 2 colours are sufficient, so the chromatic number of G(m, n) is n + 2. Note that if any edge is removed from G(m, n) the resulting graph has chromatic number n + 1, so G(m, n) is colour-critical. I THEOREM 4. For any integers m, n 3 2 if n + llm 6 6 < n + l/(m -1) then G(m, n) is a chromatic subgraph of R(6). These vertices are all distinct provided urn-, <urn, v m p l <u, and w , , < v,. These conditions amount to (m -1)(6 -2) < 1, which holds since 6 < 2 + l/(m -1 ).
Now Iv, -w, I = 1, so v, is adjacent to w, in R(6), and these two vertices induce a subgraph H, isomorphic to K,, for 1 d i < m. Again lu, -u, I = 1 and lu,+ w,l =2, so u, is adjacent in R(6) to both vertices of H,, for
Also urn -u, = 1, so u, is adjacent to urn in R(6). Next, for 1 6 i < r n we have u , , -v , = 6 -1 and u,-,-w,=6, sou,-, is adjacent in 
OPEN INTERVAL OF DISTANCES
In this section we consider the case where the distance set D is an open i interval ( 1 , 6 ) , for some 6 3 1. We shall use R,(6) to denote the graph G ( R , D ) in this case, and ~~ ( 6 ) to denote its chromatic number. (Inciden-
is an independent set of vertices and
It turns out that Ro(6) has the same chromatic number as R ( 6 ) when 3 n + 1, whence equality follows.
Given any 6 such that n -1 < 6 d n, choose 6' so that n -1 < 6' < 6. By the corollary to Theorem 4, we can find positive integers r, s such that G(r, s ) is a chromatic subgraph R(6'). Choose any real number c satisfying 1 < c < 6/6'. Choose any particular subgraph of the form G(r, s ) in R(6'), and enlarge it by the scale factor c. The new graph is still of the form G(r, s), and each of its edges has length at least c and at most c6', that is, the length of each of its edges is strictly between 1 and 6. Hence R0(6) contains a subgraph G(r, s ) , so ~~ ( 6 ) 3 ~( 6 ' ) . But ~( 6 ' )
We can again specify chromatic subgraphs. The method used in proving Theorem 5 adapts to establish the following result.
LEMMA 3. Let d be a positive real number such that the finite graph G is
Prooj Given any 6 > d, choose 6' so that d < 6' < 6. Then R(6') contains a subgraph G, and we can find a scale factor c, where 1 < c < 6/6', so that if this particular subgraph is enlarged by the factor c, the new graph is still isomorphic to G and the length of each of its edges is strictly between 1 and 6, so it is a subgraph of R0(6), as required. I
I
In fact, the following stronger result holds. It may at first be thought that an unbounded distance set D would result in the graph G ( R , D ) having a transfinite chromatic number. This is not the case, as is shown by the following result, which we shall apply several times. Z,(d,, d, ,..., d,) . Since Z,(d, , d, ,..., d,) is a union of components of R, (dl, d, ,. .., dm), its chromatic number is also ~, ( d , , d, ,..., d,) . The above result may be obtained routinely, and its derivation contains the following observation.
COROLLARY. For any integer m 3 4, the graph Z8(m, 2 ) contains a subgraph G(2, L i m l ) .
Upper and lower bounds for the general case are provided by the next two theorems. These results may be derived without difficulty. Let P denote the set of all prime numbers. In this section we shall discuss the chromatic number of G(R, D) when D L P. Once again, consideration of components shows this to be the same as the chromatic number of G(Z, D). By analogy with notation used in Section 6, in the case D: = P we shall use Z,(P) to denote G(Z, P), and x,(P) to denote its chromatic number.
LEMMA 6. The chromatic number of L,(P) is x,(P)=4, and the chromatic number of Z, (2, ( -1 2 , -11, -7, -3, -2) , and x + 2 if a € ( -1 0 , -6, -5, -1) .
No two integers in the same colour class differ by + 2 or + 3 (mod 6k + 2), so this is a proper colouring of Z,(2, 3, 6k -I), with k 3 2. This covers all cases. I
We conclude this section with a theorem in the spirit of some of our earlier results on chromatic subgraphs. By analogy with the notation used in this paper, it is natural to use G(R2, ( 1 ) ) to denote the graph on all points of the euclidean plane, with any two points adjacent precisely if their distance apart is 1. It is instructive to note that the proof by Moser and Moser [2] that the chromatic number 100 EGGLETON, ERDOS, AND SKILTON of G(R2, ( 1 ) ) is at least 4 is in fact a proof that G(2,2) is a subgraph. The identification of chromatic subgraphs relevant to G(R, D ) for various distance sets D, additional to those discussed in the present paper, would not only be of intrinsic interest, but might also be relevant to graphs of the type G (R2, D) .
The colourings we have used in proving our results either explicitly use monochromatic intervals or (when the distance set is a subset of the positive integers) easily yield colourings of the real line with monochromatic intervals. What differences result if it is required that every open interval contains at least two colours or, more generally, at least k colours, for some prescribed k?
A number of problems raised in the paper were not solved. These are indicated in the relevant sections. We hope to discuss, in a sequel to this paper, a class of problems not raised here: what happens when the distance set is not bounded away from O?
